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Abstract-In a r r a y  processors  i t  is 
impor tan t  t o  map problem modules o n t o  p r o c e s s o r s  
such  t h a t  modules that c-unicate wi th  each 
o t h e r  l ie.  as  f a r  as p o s s i b l e ,  on a d j a c e n t  
p r o c e s s o r s .  
i n  graph t h e o r e t i c  terms and shorn t o  b e  
e q u i v a l e n t ,  i n  i t s  most g e n e r a l  form, t o  the  
graph isomorphism problem. The problem is a l s o  
v e r y  s h i l a r  t o  t h e  bandwidth r e d u c t i o n  problem 
f o r  s p a r s e  m a t r i c e s  and t o  t h e  q u a d r a t i c  
ass ignment  problea.  

This mapping problem is formulated 

It a p p e a r s  u n l i k e l y  t h a t  an e f f i c i e n t  exact 
a l g o r i t h m  f o r  the g e n e r a l  mapping problem will 
e v e r  be found. Besearch i n  t h i s  area must 
c o n c e n t r a t e  on e f f i c i e n t  h e u r i s t i c s  t h a t  f i n d  
good s o l u t i o n s  i n  most cases. A h e u r i s t i c  
a l g o r i t h m  t h a t  proceeds by sequences of p a i r v i s e  
i n t e r c h a n g e s  alternating wi th  p r o b a b i l i s t i c  jumps 
is descr ibed .  This a l g o r i t h m  has been used t o  
s o l v e  p r a c t i c a l  mapping problems on  a s p e c i f i c  
array p r o c e s s o r  ( t h e  F i n i t e  Element Machine) v i t h  
good r e s u l t s .  R e s u l t s  f o r  a set of  p r a c t i c a l  
problems are t a b u l a t e d ,  s e v e r a l  of which are 
i l l u s t r a t e d .  

1. I n t r o d u c t i o n  

Xost a r r a y s  of processors  are incompletely 
connected,  that is, a d i r e c t  l i n k  does not  
connect  each p a i r  of processors .  The reasons  for  
t h i s  i n c l u d e  (I) t h e  f a c t  t h a t  t h e  t o t a l  nuicber 
of links i n  completely connected systems 
i n c r e a s e s  as t h e  square  of t h e  number of 
processors-a growth rate that is unacceptab le  in 
most cases, and (2) t h e  number of i n p u t / o u t p u t  
p o r t s  on each i n d i v i d u a l  processor  i n c r e a s e s  
l i n e a r l y  v i t h  t h e  number of processors- this  is 
u s u a l l y  n o t  p o s s i b l e  because the  u m b e r  of I / b  
p o r t s  is g e n e r a l l y  fixed a t  some constant value.  

that execute  In parallel la to  be s o l v e d  on an 
incomple te ly  connected array. When a s s i g n i n g  
modules t o  p r ~ ~ e s a o r a .  pairs of modules t h a t  
communicate w i t h  each other should  be placed.  a8 
f a r  as p o s s i b l e ,  on processors  t h a t  are d i r e c t l y  
connected. We c a l l  t h e  assignment of modules to  
p r o c e s s o r s  a mapping and t h e  problem of 
m u i m i r i n g  t h e  number of  p a i r s  of communicating 
modular, that  f a l l  on p a i r s  of d i r e c t l y  connected 
p r o c e s s o r s  t h e  Happing Problem. 

Suppose a problem ude up of a e v e r a l  modules 

fils r e s e a r c h  MS supported by .USA C o n t r a c t s  
NASI-14101 and US1-14472 w h i l e  t h e  au thor  was 
r e s i d e n t  a t  I W E .  

In this paper  we f i r s t  shov t h a t  t h e  problem 
of  f i n d i n g  t h e  b e s t  mapping is, i n  g e n e r a l ,  v e r y  
d l f f i c u l t .  We t h e n  d e s c r i b e  a h e u r i s t i c  
a l s o r i t h m  that has  been developed to  s o l v e  t h i s  
problem f o r  a s p e c i f i c  a r r a y  processor .  
by g iv iLg a mathematical  formula t ion  of  t h e  
problem i n  S e c t i o n  X I .  In S e c t i o n  111 w e  shov 
that i n  its most g e n e r a l  form, t h e  mapping 
problem is e q u i v a l e n t  to  t h e  graph isomorphism 
problem, one of  t h e  c l a s s i c a l  unsolved 
c m b i n a t o r i a l  problems. 
similarities between t h e  mapping problem and t h e  
bandwidth r e d u c t i o n  and q u a d r a t i c  ass igmnent  
prCbhm.9. Exact s o l u t i o n s  f o r  n e i t h e r  of  t h e s e  
proolems exist and they are so lved  approximate ly  
usirlg h e u r i s t i c  a lgori thma.  

We start 

We p o i n t  o u t  t h e  

In S e c t i o n  IV w e  d e s c r i b e  how t h e  mapping 
prrblem a r i s e s  when s o l v i n g  s t r u c t u r a l  problems 
on t h e  F i n i t e  Element K a c h b e  ( F M ) .  a n  a r r a y  of 
p r o c e s s o r s  c u r r e n t l y  under  development a t  NASA 
Laagley Xesearch Center .  In S e c t i o n  V ve 
d e s c r i b e  a s i n p l e  h e u r i s t i c  a lgor i thm t h a t  has  
hecn i m p l m e n t e d  and used t o  f i n d  mappings f o r  
t h e  f i n i t e  element machine with very  encouraging 
resd ts .  Results f o r  a number of test cases are 
t a b u l a t e d ,  s e v e r a l  of which are i l l u s t r a t e d .  

11. Mathematical Formulat ion 

L e t  t h e  graph of t h e  problem to b e  mapped 

correspond t o  t h e  set 

o c t c  t h e  a r r a y  be denoted G =tV E >, where 

t h e  node3 o r  v e r t i c e s  V 
P 

of m o d u l z s  and each edge (x .y)€E denotes  t h a t  

x d u l e s  x ,y€V communicate with each o t h e r .  

Let  t h e  graph of t h e  array p r o c e s s o r  b e  
denoted Ga-<VarEa>, where Va is t h e  set 
o t  p r o c e s s o r s  and the edges  Ea r e p r e s e n t  t h e  

i o t e r c o n n e c t i o n  p a t t e r n  of t h e  processors .  

P P ' P  

P 

P 

The problem graph  C may be cons idered  t o  
P 

be a set of v e r t i c e s  V and a f u n c t i o n  

G :I X V --><0.1). s u c h  t h a t  

G (x,y)-G (y ,x)  and C (x,x)-O f o r  all 

x,yEVp. 

t h e r e  is an  edge betveen x and y. 1.e. 

P 

P P  P 

P P P 
Cp(x.y)-l i s  taken  t o  mean that 

t h e  p a i r  
(X.Y) E. Ep . 



I 1  

The graph of the  a r r a y ,  Ga, may s i m i l a r l y  

b e  cons ide red  a set of v e r t i c e s  V and a 

f u n c t i o n  Ga:Va X Va-->{O,l}. 

W e  asaume tha t  ( V  l = i V a l .  If 
P 

I V p l c l V a l  , a s u i t a b l e  number of dummy 
vertices may b e  in se r t ed  i n t o  t h e  problem. We do 
n o t  c o n s i d e r  t h e  case I V  I > l V , l .  

P 

A mapping of problem modules o n t o  p r o c e s s o r s  

is denoted by t h e  func t ion  fm:V *>V p onto a' 

The q u a l i t y  of  a mapping is determined by 
t h e  number of problem edges t h a t  f a l l  on a r r a y  
edges. We cal l  t h i s  number t h e  c a r d i n a l i t y  of  
the mapping, denoted Ifmi.  

is The c a r d i n a l i t y  of a mapping f m  

x c v  
Y Q  IP 

This fo rmulapa r i se s  as  fol lows.  
G (x ,y)=l  i f  x and y i n  the problem 

graph are connected by an edge. 

[ f m ( y ) ]  r e p r e s e n t s  the p rocesso r  o n t o  which 

problem module x [y] is mapped. The expres s ion  
G,(f ( x ) , f m ( y ) ) = l  only i f  t h e  p rocesso r s  

o n t o  which x and y a re  mapped a r e  connected. 
Bus t h e  expression i n s i d e  t h e  summation sign i s  
1 on ly  i f  an edge connecting tm nodules  f a l l s  on 
a n  edge connect ing two p rocesso r s .  I n  summing 
o v e r  a l l  x Q V  and yBV each p rocesso r  edge 

is counted twice, hence t h e  mul t ip ly ing  f a c t o r .  

To f i n d  t h e  b e s t  mapping, w e  must choose a 

P 
f m ( x )  

m 

P P 

f u n c t i o n  im that h a s  maximum c a r d i n a l i t y  from 

among t h e  (iVpl ) !  poss ib l e  func t ions .  

111. Problem Equivalences 

In this s e c t i o n  ye show t h a t  t h e  mapping 
problem, i n  Its most gene ra l  form ( i .e .  g iven  
a r b i t r a r y  Ca and G ) ,  is  computa t iona l ly  

e q u i v a l e n t  t o  t h e  graph isomorphism problem. We 
p o i n t  o u t  t h e  s t r o n g  similarities between t h e  
mapping problem and the bandwidth r e d u c t i o n  and 
q u a d r a t i c  assignment problems. 

P 

Graph Isomorphism 

Tvo graphs  C1 and G are s a i d  t o  be  2 
isomorphic t o  each  o t h e r  i f  t h e r e  is a one-to-one 
correspondence between t h e i r  vertices and be tueen  
t h e i r  edges such t h a t  t h e  i n c i d e n c e  r e l a t i o n s h i p s  
are p rese rved  [ I ] .  Th i s  may b e  s t a t e d  more 
f o r m a l l y  as  follows: tw graphs  
C :V X V2-->{0,1) and 

G 2 : V 2  X V2-->{0,1} wi th  I V l l = l V 2 1  are 
i s o a o r p h i c  i f  tiere e x i s t s  a f u n c t i o n  

e : V 1 ' - 1 ; L > V 2  such that  

Gl(x,j.)=CCZi.e(x) , e ( y ) )  f o r  all X , Y  E V 1  [21. 

- 

1 1  

onto 

The -,robleia of de t e rmin ing  whether tvo 
graphs a r e  isomorphic  is one of  t h e  c l a s s i c a l  
unsolved cambind to r i a l  problems. Exact e f f i c i e n t  
( i .e.  poPjnomi.11 t ime)  a lgo r i thms  f o r  s o l v i n g  
t h i s  problem f o r  a r b i t r a r y  g raphs  a r e  n o t  known 
a l though  uumeroiis r e s e a r c h e r s  have a t t a c k e d  t h i s  
prcblem [ ? I .  Some r e s e a r c h e r s  have r e p o r t e d  
s u c c e s s  wi th  h e u r i s t i c  a lgo r i thms  a p p l i e d  t o  
v a r i o u s  r e s t r i c t e d  c l a s s e s  of  g raphs ( see ,  f o r  
example [;I) .  It appea r s  u n l i k e l y  t h a t  an 
7olynomial  time s o l u t i o n  t o  t h e  g e n e r a l  problem 
vi;! eve: oe  foimd. 

Lo ncw shot. t h a t  if w e  had an e x a c t  
algi .r i thm f o r  s o l v i n g  t h e  g e n e r a l  mapping 
p r o b i m ,  w e  v o i d  a l s o  be a b l e  t o  s o l v e  t h e  g raph  
ioor.crpSism pro: l e m .  

If t w  g r a I h s  are isomorphic,  they must have 
the same ni.mber of edges and thus  a f u n c t i o n  

equal t o  t h e  t o t a l  number of edges must exist. 
Lf ve had cn e x i c t  a lgo r i thm f o r  s o l v i n g  t h e  
aap?icg prcblem, w e  cou ld  use i t  t o  map GI onto 

G, and, i.? t h e  t w o  were isomorphic ,  o b t a i n  a 

maFFizg of c a r d l n a l i t y  equa l  t o  t h e  number of 
edges.  ihus we cou ld  answer "yes" o r  "no" t o  t h e  
q a e s t i o n  "Are G I  and G isomorphic?" in 2 
polynomial time, f o r  a r b i t r a r y  G and G i f  

we cou ld  s o l v e  t h e  mapping problem in polynomial 
time f c r  s r b i t r a r y  G1 and G2. 
prablem is t h e r e f o r e  computa t iona l ly  e q u i v a l e n t  
fo t h e  graph i soso rph i sm problem and w e  do n o t  
ho ld  auch hope f o r  f i n d i n g  an e x a c t  polynomial 
t ime a l g o r i t h m  f o r  i t s  s o l u t i o n .  

-- --.pping G. on to  G 2  and having c a r d i n a l i t y  

1 2' 

The mapping 

. 

e 
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Bandwidth Reduction 

The bandwidth r e d u c t i o n  problem r e q u i r e s  the 
permuta t ion  of t h e  row8 and columns of a s p a r s e  
s q u a r e  m a t r i x  so as t o  c l u s t e r  t h e  non-zero 
e n t r i e s  as c l o s e l y  as p o s s i b l e  about  t h e  main 
d i a g o n a l  [SI. The mapping problem, as  w i l l  
become clear i n  t h e  fo l lowing  s e c t i o n s ,  e n t a i l s  
permuting t h e  rows and columns of t h e  ad jacency  
matrix of  a problem graph so t h a t  i t  resembles  a s  
c l o s e l y  as p o s s i b l e  t h e  adjacency m a t r i x  of t h e  
graph of t h e  a r r a y  of  processors .  Arrays of 
p r o c e s s o r s  t h a t  have a r e g u l a r  i n t e r c o n n e c t i o n  
p a t t e r n  ( a s  does  t h e  P M ) ,  u s u a l l y  have an  
ad jacency  m a t r i x  composed most ly  of s e v e r a l  
wel l -def ined bands. The mapping problem f o r  such 
a r r a y s  e n t a i l s  permuting t h e  i n p u t  matrix so t h a t  
as many e n t r i e s  as p o s s i b l e  f a l l  on t h e  bands. 
The s i m i l a r i t y  wi th  bandwidth r e d u c t i o n  is 
obvious.  

The bandwidth r e d u c t i o n  problem is known to  
b e  NP-complete [61. Many h e u r i s t i c  a l g o r i t h m  f o r  
t h i s  problem have been developed [5] , [7] .  

The Quadrat ic  Assignment problem 

In t h i s  problem we are given  (1) a set  of  n 
o b j e c t s  a longwi th  a c o s t  matrix in which each 
e n t r y  cij is a measure of  t h e  a f f i n i t y  b e t w e n  

o b j e c t s  1 a n d . j ,  and ( 2 )  a set of n l o c a t i o n s  
wi th  a d i s t a n c e  mat r lx  i n  which e n t r y  dst 

s t a n d s  f o r  t h e  d i s t a n c e  between l o c a t i o n s  s and 
t. 
i s  c a l l e d  an assignment .  
t h e  assignment  t h a t  mlninizes 

A f u n c t i o n  p t h a t  maps o b j e c t s , o n t o  l o c a t i o n s  
The problem of f ind ing  

C i j d P ( i ) p ( j )  i s  c a l l e d  the 
i . j  

q u a d r a t i c  assignment problem[8]. This  problem 
is exempl i f ied  by t h e  t a s k  of l o c a t i n g  
e lectr ical  assembl ies  in given  s l o t s  so as t o  
minimize t h e  t o t a l  l e n g t h  of i n t e r c o n n e c t i n g  
w i r e s .  
of t h i s  problem is knovn. 

No e f f i c i e n t  a lgor i thm f o r  t h e  s o l u t i o n  

I f  t h e  a f f i n i t y  and d i s t a n c e  matrices b e  
symmetric and have 0 , l  entries, t h e  q u a d r a t r i c  
ass ignment  problem reduces t o  the  mapping 
problem. 

IV .  The F i n i t e  Element Machine 

The F i n i t e  Element Machine ( F M ) ,  p r e s e n t l y  
under  development a t  NASA hngley Besearch 
Center ,  is an  a r r a y  of microcomputers 
i n t e r c o n n e c t e d  i n  an  "eight-nearest  neighbor" 
I n t e r c o n n e c t i o n  p a t t e r n  (Fig. 1) [9] ,  [ IO]. In 
a d d i t i o n  t o  t h e  n e a r e s t  neighbor  links, which are 
d e d l c a t e d  t o  communication between s p e c i f i c  p a i r s  
of processors ,  t h e r e  i s  a t ime shared  g l o b a l  bus 
( n o t  s h o r n  in Fig. 1) which is used f o r  
communication&etween p a i r s  of nodes t h a t  are not 
a d j a c e n t .  

The machine Is t o  be used t o  s o l v e  
s t r u c t u r a l  a n a l y s i s  problems as follows. The 
s t r u c t u r e  is f i r s t  reduced t o  a combina tor ia l  
graph. 
s t r u c t u r a l  members and t h e  nodes t o  m e t i n g  
p o i n t s  of t h e  members (Fig. 2 ) .  Each node is 
ass igned  to a processor  of t h e  FM and 
computation proceeds i n  p a r a l l e l ,  as d e s c r i b e d  by 
Jordan [9!. During t h e  course  of  t h e  
computat ion,  t h e r e  is counnunication between p a i r s  
of processors  on ly  i f  t h e  s t r u c t u r a l  nodes mapped 
on them are connected I n  t h e  p h y s i c a l  problem. 
Thus, should  an  edge  of t h e  p h y s i c a l  problem f a l l  
on  an  edge  of t h e  FM,  coramunication proceeds 
wi th  g r e a t e s t  e f f i c i e n c y  v i a  t h e  d e d i c a t e d  
n e a r e s t  neighbor  connect ion.  Should t h i s  n o t  be 
t h e  case, i n t e r p r o c e s s c r  communication must 
employ t h e  t ine-shared  g l o b a l  bus v i t h  consequent  
degrada t ion  i n  pezformance. 

The edges of t h e  graph correspond t o  

k p p i n g  S t r u c t u r e s  o n t c  t h e  F M  

Fig.  3 shows t h e  ad jacency  matrix of a 6 X 6 
FM. 
s t r u c t u r e  of Fig. 2 onto  t h e  F M  would b e  t o  map 
node 1 of t h e  s t r u c t u r e  onto  node 1 of  t h e  FM. 
This lreppinq is j i d i c a t e d  in t h e  ad jacency  m a t r l x  
of  t h e  s t n x t u r e  (Pig.  4) by t h e  use  of '*'s 
where an edge of che s t r u c t u r e  f a l l s  on  an edge  
of t h e  ?ET, and '3's otherwise.  The c a r d i n a l i t y  
of  t h i s  m p p i n g  is 32, while t h e  t o t a l  number of 
edges is PO. 

One p o s s i b l e  way of napping t h e  problem 

H e  can atteafit  t o  i n c r e a s e  t h e  c a r d i n a l i t y  
of  t h e  m a p p i q  5: renumbering t h e  nodes of  t h e  
problem o r ,  e q u i v a l e n t l y ,  permuting rows and 
columns of t h e  ad jacency  matrFr of t h e  problem. 
The b o t t o r  p a r t  3f Fig. 4 shows an improved 
mapping, w i t h  c a r d i n a l i t y  74, obta ined  by 
apply ing  tire mapping a l g o r i t h m  that vi11 b e  
d e s c r i b e d  i n  t h e  fol lobing s e c t i o n  . The 
permuted row a d  colmnr. l a b e l s  i n d i c a t e  t h e  
renlmbering t h a t  mst t e  done t o  the  nodes of t h e  
p r o b l e a  i n  o r d e r  t3 o b t a i n  t h i s  Improved mapping. 

V. .XAPPER: A Pai rwise  In te rchange  Algori thm 

We have de-*eloped a h e u r i s t i c  a l g o r i t h m  t h a t  
a c c e p t s  as i z p u t  t h e  ad jacency  matrix of a 
problem graph and output. a permuta t ion  of t h i s  
matrir t h a t  matches more c l o s e l y  t h e  ad jacency  
m a t r i x  of t h e  FM. 

The a lgor i thm proceeds by sequences of  
p a i n r i s e  in te rchanges ,  a l t e r n a t i o g  w i t h  
p r o b a b i l i s t i c  jumps.  
problem m a t r i x  and t h e  size of  t h e  s q u a r e  F M  
o n t o  which i t  is t o  b e  lapped .  It t h e n  g e n e r a t e s  
t h e  ad jacency  matrix of t h e  FM and u s e s  t h i s  f o r  
comparison whi le  improving t h e  mapping. 

explanatory.  The f u n c t i o n  CARDINALITY(MAT) 
r e t u r n s  t h e  c a r d i n a l i t y  of t h e  mapping d e f i n e d  by 
t h e  m a t r i x  UT. 

It starts by a c c e p t i n g  t h e  

Host of t h e  f o l l o v i n g  l i s t i n g  is s e l f  

- 3- 



program "PER; 
v a r  MAT, BEST: adjacency-matrix; 

begin  
DONE, FIAGt  boolean;  

i n p u t  adjacency matrfr of problem, MAT; 
{HAT is  taken t o  be t h e  i n i t i a l  mapping) 
i n p u t  t h e  site of the FM, n; 
{ t h e  F M  i s  a n  n X n a r r a y )  
g e n e r a t e  ad jacency  matrix f o r  n X n FM; 
BEST:Insr; { t h e  bes t  mapping found so f a r )  
DONE:=false; 

while not DONE do 
beg in{MIN) 

r e p e a t  { SEARCH) 
FLAG: =f alse; 
f o r  each node do 

beg in{ AU- > 
1: examine t h e  p a i r w i s e  

exchange of  t h i s  node 
with a l l  o t h e r  nodes; 

2: s e l e c t  t h e  one which l e a d s  
t o  t h e  l a r g e s t  g a i n  i n  t h e  
c a r d i n a l i t y  of t h e  mapping; 

make t h e  exchange; 

F'LAC: = t r u e ;  

3: i f  l a r g e s t  gain>=O t h e n  

4: i f  l a r g e s t  gain>0 t h e n  

end; {AUc;pIENT) 

u n t i l  FIAG-false; {end SEARCH) 

i f  CAEDIXALITY(W)<CARDLYALITP(BEST) 

e l s e  
then  DONI;:=TRUE 

begin{ JU") 
B E S T : W T ;  
randomly i n t e r c h a n g e  
n p a i r s  of nodes of MAT; 

e n d ; { J " )  

end ; {MAIN } 
output  BEST; 

end. 

The b lock  SEARCH of t h i s  a lgor i thm a t t e m p t s  
t o  improve t h e  mapping by cons ider ing  a l l  
p o s s i b l e  p a i r v i s e  exchanges of node numberings. 
The exchange t h a t  l e a d s  to t h e  ~ a ~ i m ~ m  i n c r e a s e  
in c a r d i n a l i t y  of t h e  mapping is made and t h e  
process  AUGWENT repeated u n t i l  no f u r t h e r  g a i n s  
are p o s s i b l e .  A t  t h i s  p o i n t  we l e a v e  SEARCH and 
i f  t h e  mapping found during t h i s  p a s s  through 
SEARCH i s  b e t t e r  than t h e  b e s t  mapping found so 
f a r ,  a p r o b a b i l i s t i c  jump is  a p p l i e d  t o  t h e  
mapping and t h e  algori thm r e t u r n s  t o  b lock  
SEARCH. 

Pai rwise  in te rchanges  are not  guaranteed t o  
l e a d  t o  t h e  b e s t  mapping and sometimes l e a d  t o  
mappings t h a t  are "dead ends" i n  t h a t  they  are 
not  very  c l o s e  t o  optimal and no pai rwise  
exchange can improve them. The a lgor i thm 
a t t e m p t s  t o  l e a v e  such dead ends by 
p r o b a b i l i s t i c a l l y  "jumping" t o  nearby mappings 
that may permit  improvement v i a  pa i rwise  
in te rchanges .  

The fo l lowing  is a d e t a i l e d  d i s c u s s i o n  of 
v a r i o u s  a s p e c t s  of t h e  a lgor i thm.  

1. When c a r r y i n g  o u t  p a i r w i s e  exchanges, w e  
choose f o r  each  node t h e  exchange t h a t  l e a d s  t o  
t h e  l a r g e s t  g a i n  i n  c a r d i n a l i t y  r a t h e r  than  t h e  
f i r s t  g a i n f u l  exchange encountered.  
found that t h i s  s t r a t e g y  l e a d s  t o  mappings t h a t  
are c o n s i s t e n t l y  b e t t e r  than  t h o s e  obta ined  us ing  
t h e  second c r i t e r i o n .  

W e  have 

2. We make a n  exchange even i f  t h e  l a r g e s t  g a i n  
encountered is zero.  T h i s  h a s  l i t t l e  e f f e c t  a t  
t h e  o u t s e t ,  when i n t e r c h a n g e s  w i t h  nonzero g a i n s  
are e a s i l y  found. Towards t h e  end of t h e  
a lgor i thm,  t h i s  c r i t e r i o n  helpci s l i d e  p a s t  "dead 
ends" t o  mappings which, a l t h o u g h  they  have t h e  
same c a r d i n a l i t y ,  may permi t  f u r t h e r  improvement 

3. If t h e  number of nodes on t h e  F M  is N - n  X n, 
t h e n  t h e  execut ion  of b lock  AUCHENT wil l  take 

O(N') t i m e .  

4. The a l g o r i t h m  w i l l  exit b l c c k  SEARCH i f  no 
p a i r w i s e  exchange l e a d s  t o  an improvement. If 
t h a  c a r d i n a l i t y  of t h e  mapping found dur ing  t h i s  
p a s s  through SEARCLl is b e t t e r  than  t h e  one found 
d u r i n g  t h e  last pass ,  t h c  a l g o r i t h m  e x e c u t e s  
Juwp. Eere i t  tries t o  b r e a k  o u t  of t h e  "dead 
end" f r o n  which QO p a i r w i r e  exchange leads t o  an 
improvement by p r o b a b i l i s r i c a l l y  jumping t o  a 
nearby sapping ,  which, a l though i t  w i l l  almost 
c e r t a i n l y  have poorer  c a r d i n a l i t y ,  may l e a d  t o  a 
b e t t e r  mapping upon f u r t h e r  a p p l i c a t i o n  of b lock  
SEARCH. A copy cf t h e  016 mapping is saved i n  
BEST, i n  case the  aeb mapping i s  poorer .  

5. The p r o b a b i l i s t i c  jump d e s c r i b e d  above needs 
t o  be f a r  enough f r sm t h e  c u r r e i t  mapping t o  
o f f e r  the prospec t  of improvement, b u t  no t  so f a r  
as  t o  undo a l l  t h e  g a i n s  m d e  up t o  t h i s  p o i n t .  
Ye have found tb t  an l n t c r c h a n 3 e  of n randomly 
s e l e c t e d  p a i r s  of nodes gi-res  t i e  b e s t  results. 

6. I f  t h e  mapping found af ter  i t t e m p t i n g  t o  
augment from a p r o b a b i l i s t i c a l l y  d i s t u r b e d  
mapping is poorer ,  t h e  a l g o r i t h n  te rmina tes .  We 
have found t n a t  f u r t h e r  p r o b a b i l i s t i c  jumps very  
r a r e l y  l e a d  t o  improvements. 

7. For &n Y node FEM, t h e  c a r d l n a l i t y  of a 
mapping cannot  exceed GN. Each p a s s  through loop 
W N  must l e a d  t o  a g a i n  of a t  least 1. The t ime 
r e q u i r e d  t o  execute  t h i s  loop  is dominated by 

AUGMENT, which t a k e s  O(N') time. The a lgor i thm 

t h u s  t a k e s  O(N') tine in all. 

VI. Performance of t h e  Algorithm 

The a lgor i thm has  been implemented and 
t e s t e d  on about  20 s t r u c t u r a l  problems of 9 t o  49 
nodes f o r  FEMS of s i z e s  4 X 4 t o  7 X 7. The 
results are t a b u l a t e d  i n  Table  I. Some of these  
cases are i l l u s t r a t e d  i n  Figs .  5-7. In most 
c a s e s  t h e  a lgor i thm is  a b l e  t o  improve t h e  
mapping d r a m a t i c a l l y .  
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It is  d i f f i c u l t  t o  s ay  jut how c l o s e  t o  
op t ima l  t h e  mappings obta ined  by t h e  a l g o r i t h m  
are, s i n c e  we h a v e  no way of lrnoving what the  
b e s t  mapping f o r  a s p e c i f i c  probem Is. 
where t h e  c a r d l n a l i t y  of t he  f i n a l  mapping I s  
c l o s e  t o  t h e  t o t a l  number of edges,  we can be  
sure t h a t  i t  is ve ry  c l o s e  t o  opt imal .  For 
example, t h e  mapping of Fig. 2 was improved from 
32 t o  74 as shown in Pig. 4. The f i n a l  
mapping is ve ry  c l o s e  t o  t h e  t o t a l  number of 
edges (80) and must t h e r e f o r e  b e  v e r y  nea r  
opt imal .  (For t h i s  s p e c i f i c  example, it is 
p o s s i b l e  t o  prove t h a t  t h e  opt imal  mapping is of 
c a r d i n a l i t y  78 [ll]). In gene ra l ,  we  have found 
t h a t  graphs  whose i n p u t  mappings have 
c a r d i n a l i t i e s  of around 50 percen t  of t h e  t o t a l  
number of edges o r  less can u s u a l l y  b e  improved 
drama t i c a l l y .  

I n  cases  

To g e t  a b e t t e r  i d e a  of t h e  performance of 
t h e  a lgor i thm,  w e  mapped random permuta t ions  of 
t h e  FM on to  I t s e l f .  
p e r f e c t l y  onto  i t se l f ,  t h e  success  o f  t h e  
a lgo r i thm i n  doing  so g l v e s  u s  some i d e a  of how 
vell  it performe on g e n e r a l  problems, f o r  which 
it is imposa ib le  t o  s p e c i f y  t h e  c a r d i n a l i t y  o f  
t h e  b e s t  mapping. The r e s u l t s  of t h i s  
experiment ,  i n  which w e  f e d  t h e  a l g o r i t h m  100 
r a n d m  permuta t ions  of 5 X 5 and 6 X 6 PMS are 
l i s t e d  in Fig. 8. Hatograms f o r  t h e  initial 
c a r d i n a l i t y ,  c a r d i n a l i t y  a t  the end of t h e  f i r s t  
a p p l i c a t i o n  of SElLBCE and t h e  c a r d i n a l i t y  a t  t h e  
t e rmina t ion  of t h e  a l g o r i t h m  are g iven  ( t h e  
difference betveen the la t ter  two illustrates the 
i m p a c t  of Jumping). The a lgo r i thm is seen  to 
perform very  w e l l  in these  e rper iments ,  
sugges t ing  t h a t  t h e  r e s u l t s  ob ta lned  when t h e  
a lgor i thm I s  run  on n a t u r a l  s t r u c t u r a l  problems 
are a l s o  of simllar q u a l i t y .  

S ince  t h e  F M  can be  mapped 

me run t imes  of t h e  Implemented a lgo r i thm 
on a CDC Cyber 175 vary  from about  1/3 sec. f o r  
4 X 4 problems t o  30 sec. f o r  7 X 7 problems. 

VII. Conclusions 

The observed run t i m e s  of our  a lgo r i thm a r e  
q u i t e  accep tab le  f o r  t he  c u r r e n t  p ro to type  6 X 6 
FM. Bowever, as t h e  growth r a t e  of t h e  is 

bounded from below by N2, t h e  a l g o r i t h m  vi11 
probably no t  be  s u i t a b l e  f o r  ve ry  l a r g e  a r r a y s  
(say 32 X 32). 
d f f f e r e n t  h e u r i s t i c s  VLll need t o  b e  developed. 

For such a r r8ys .  entirely 
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Fig. 1 A 6 X 6 Finite  Element Xachine (FEU) Fig. 2 A 33 node structi.ro1 problem 
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r r L  
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1 .  e . .  

10 . . *  . .  . . .  
I1 . . .  . .  * .  
12 .. * .  ... . 
13 e . .  . .  . a t  
14 ... . .  * . .  
15 ... L .  . * *  
16 ... . .  . e t  
17 e . .  . .  .. 
18 .. . *  ... . 
19 e . .  . .  ... 
20 ..e . .  e . .  
21 . * .  . .  . * .  
23 4 . .  . .  a .  

. 
4 . .  t *  . . *  22 .. . .  ... 24 . ... . *  * . .  25 

1 
n 
28 
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30 4 
3 1 . 4 .  
32 
33 . * .  
34 4 . .  
35 a .  

. 
... e .  . a ,  . * .  . .  . . I  

4 4 .  e t  e . *  . . .  . .  t .  . 
t * .  . .  ... . .  . 

4 . .  . .  ... . t  
a ) . .  1 , .  . . . .  . 

. 

Fig .  3 Adjacency Yatrix for the 6 X 6 FEU shovn above. 
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7 
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10 
11 
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15 
16 
I7 
18 
19 
a0 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 

Cardinality 32/80 

* o *  
a 0 0  

b 0 . 
0 0  0 0  

0 0  0 0  . 0 * 0 .  
0 0 .  a 0 0  

0 0  0 0  . 0 * 0 .  

* o +  0 . 
0 0  0 0  

o o *  ' 0 0  

0 0  0 0  .' 0 ' 0 .  

4 0 .  0 

0 0  0 0  

0 0 1  t o o  

0: edge of  problem that fal ls  
on an edge of the FM. 

*: edge of  problem that does 
not  f a l l  011 an edge of the 

t o *  0 . 
0 0  0 0  

~ 0 0  0 0  . 0 . o *  
0 0 .  ' 0 0  

* o *  0 . 
0 0  0 0  

0 0  0 0  . 0 * o *  
0 0 .  * o o  

0 0  0 0  . 0 

* o .  

* o *  0 FM. . 
0 0  0 0  . 0 0 . e - '  

Fig. 4 I n i t i a l  mapping of the structure shovn i n  Fig. 2 m t o  the machine of Fig.  1 
Above: I n i t i a l  Mapping. Below: Iaproved Xapping. 

2 3 3  7 9 1 1  4 1 6  5 8 1 0 1 2 1 4 1 9 2 l  3 1 3 1 5 1 7 2 2 2 4 2 6 3 5 1 8 2 0 2 5 ~ 2 9 3 1 3 4 ~ 2 8 3 0 3 2  J 6 1 
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33 
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16 
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35 
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Cardinality 74/80  
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4 
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t .  
t . 
t . ... . . 

1 .  .. . 

t . . 
g t . .  

... . . .  ... . .  * .  . .  . . .  
4 * 

8 a .  
a .  . . *  . . . 

. * *  
0 
t 
t 
t .  

. 
1 .  . . 
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mLE I 

WOBLM F M  TME NIMBER OF EXECUTIONS OF CARDINALITY EDGES 

STXBUCTUBE WITH IgEE NODES 33 6x6 11714 14 2 32 74 80 

raus s 8 4X4 419 5 1 9 15 15 
5- 1472 5 1 6 15 
6x6 5083 6 1 6 15 
7X7 16814 8 1 6 15 

SHIP MDAR TOWER 25 5x5 2912 10 2 44 53 65 

SCHUEDLER DOHE 6 4x4 321 4 1 6 10 10 

+WING BOX 30 6X6 3380 4 1 66 66 78 

*NTF-WWNSTBEdW NACELLE 35 6x6 4165 5 1 48 51  58 

NTF-NACELLE GUSSEI U T E  39 7x7 29219 14  3 28 49 5 2  

m-DowNs'rREAM NACELLE 28 6x6 4224 5 1 37 46 5 1  

NTF-NACELLE BULKHEAD 30 6x6 12650 15 3 27 48 49 

WTF-CRADLE 33 6x6 6623 8 1 22 48 52  , 
+The a lgo r i thm was unable  t o  Improve t h e  given mapping. 
*Nat iona l  Transonic  F a c i l i t y .  

0 1 2 3  b 5 6 7 8 9 l O I I l Z 1 3 1 4 1 5  
e 
I 
2 9/15 

0 .  
* O  

1 n .  * e o  - -  
4 e o *  * O  
5 0 -  * 0 .  
b 8 0 .  * O  
7 0 . '  . . 
8 * 0 *  
9 

10 
11 
12 
13 
I4 
15 

15 7 
15 

7 
a *  

13 
G 
5 .  
6 .  
9 

1b 
3 
4 

12 
10 

2 
1 

11 

Fig .  5 

Fig. 6 

8 1 3  0 5 6 9 1 4  3 b 1 2 1 0  I I l l  

15/15 .. .. 
. .. . e .  

.. . .. .. . a .  

0 .  .. 
(Above) Happing an e i g h t  node 
T r u s s  on to  a 4 X 4 PM 

(Right) 25 node Ship Radar Touet 
mapped onto 5 X 5 FM 

2 
3 
b *  

. * O  
8 0 0  

0 0 0  
44/65 

s a *  0 8 

b e  . .  a 0 0  
7 * .  0 .  . O  
8 . . .  . 
9 0 .  0 -  e o  

10 0 0 . O  .. 
11 0 0 0 .  0 8  
I 1  0 .  0 0 . .  0 
I3 0 . .  
1 b  0 . .  . 0 . .  
15 4 0 0  . 
16 0 .  
I 7  . . o  . 0 . .  
18 . .  
I9 
B 
ZL 
22 
P 

? o  . 0 * *  . 
8 . 0  . 

. 
a 

. 
0 .  

0 .  
* * U  

= o  
0 . 0  
b o o .  
8 222z1m .. .. . . .  
55/65 

0 

. 
a 0 0  . . .  
0 .  . 

0 . .  . 
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0 I 2 3 4 5 6 7 8 9 10 11 12 13 14 I5 16 17 18 19 10 22 23 24 b 26 27 28 29 30 31 32 33 34 35 
0 . 0  
1 .  0 

3 0  e o  0 
4 0 . * 0  0 
5 0 .  0 0 
6 0 s o  
7 0 . * 0  
8 o *  0 
9 0 * o  

2 *  0 22/58 

10 O . * O  
11 0 .  0 
I2 0 . 
u 0 . .  
14 0 .  
15 4 0  
16 r . 0  
17 . 0 
18 0 ' 0  
19 O . * O  
P 0 .  0 
21 0 . 
22 0 . .  
P 0 .  
24 * o  
25 r . 0  
26 t 0 
27 0 * r .  
1 0 . * 0  
2 9 -  
30 
31 
32 
33 
34 
35 

0 
0 

0 

0 
0 

0 

0 
0 

0 

0 -  
0 . 

0 .  
9 .  

Fig. 7 NTF-Cradle (33  nodes) mapped onto 6 X 6 FEM. Above: b i t i a l  ; belov: 
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